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Recently two-dimensional Yang-Mills theories have been extensively discussed, in 
particular in connection of string theories 0. The inclusion of matter fields have also 
been considered ||, in particular in the large- N limit || ||. These investigations have 
revealed several interesting connections between two dimensional Yang-Mills theories 
and integrable models ||. 

In the present Letter we shall investigate two dimensional QCD with massless Dirac 
fermions in the fundamental representation of the gauge group SU(N) for arbitrary N. 
We are particularly interested in the infrared weak coupling limit. We shall quan- 
tize the fermions in this limit, and by explicitly constructing the Fock states we then 
obtain an effective one dimensional theory. This effective theory is essentially a spin 
generalization of the Calogero model, that has been recently investigated in @, In 
addition of the long range Calogero-spin interaction we also have a nearest neighbor 
spin interaction which resembles the Pauli-type coupling between spin and external 
magnetic field. 

In the hamiltonian approach, the action for the two dimensional QCD with massless 
dynamical Dirac fermions is 

S= ftr{EA 1 - l -E 2 + A {d-E + ig 2 [A l ,E]) + ^D^} (1) 

The fermions are in the fundamental representation of the gauge group SU(N). For the 
7- matrices we use the representation 7 = a 1 , 7 1 = ia 2 and j 5 = — 7°7 1 in terms of 
the Pauli matrices a 1 . By varying the action with respect to the Lagrange multiplier 
Ao, we find the Gauss law constraint 

d x E ab + ig 2 [A 1 , E} ab + g 2 (^ ® ij) ba = (2) 

with E ab , (Ai) a b and (ip^ ® ip) a }> traceless matrices. 

We take the space to be a cylinder with circumference R. By proper rescaling of 
the fields and coupling constant, we expect that in the R — > limit the theory reduces 
to an effective one dimensional theory. For this we remind that in a D dimensional 
space-time the dimensionalities of the fields and the coupling constant, in terms of a 
length scale L are 

[£]~L-t, [A]~L 2 -f^ 
[ip] ~ L~, [g D ] ~ L— 

If we then Fourier-expand the fields as 

j 

A(x,t) = -y=y2An(t)exp{2mn— } 
VR n K 
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E(x,t) = _L]T£ n (t)exp{27m4} (4) 

| £ 

Tpfat) = - 7 =2^Vn(*)exp{27rm— } 
VR n R 

where A n and S n are traceless hermitean matrices and ip n Dirac spinors, and define a 
new coupling constant 

9 = 9 > = 7r (5) 



the Fourier components and the redefined coupling constant g then have the proper 
dimensionalities for a one dimensional theory. 

In terms of the one dimensional variables, the Gauss law becomes 

i[A , S ] + i) Q ] <g> lfj D + ^2(i[An, £_„] + 1p n ] ® 1p-n) = 

n 

—j^-£n + 9 {i[Ao, £n] + i[An, So] + W ®1pn + Vv ® Ipo + (6) 

+ (*[An> £n-m] + ® i>n-m) } = 

and in the double scaling limit 

R - ; (7 2 ^ ; = g (finite) (7) 

it reduces to 

£ n = (n^O) 

n 

i[A n ,S ) + Ipo 1 <3 1p n + i^n ® i^o + ^™ ® ^n-m = 

Furthermore, by investigating the corresponding Fourier-mode expansion of the Hamil- 
tonian in (j^) we observe that the non-constant modes ip n (n ^ 0) receive an effective 
mass which is inversely proportional to R. In the R —>■ limit these modes then 
decouple from the (massless) constant modes and the hamiltonian simplifies to 



H ► ^£o,ab£o,ba + gAo,Mo^ ® 7^0 V (8) 

and consequently we can reduce the Gauss law further into 

i[Aoi£o]ab + (i)J ®1po)ba = (9) 



In order to solve for the Gauss law @, we first separate it into its off-diagonal part 

i[Ao, £o]ab + (^ ® A)ba = (a^b) (10) 

and diagonal part 

i[Ao, £o]aa + ® ^o)aa = 0. (If) 

We solve for the off-diagonal part by first gauge transforming the constant mode 
A into a diagonal matrix 

A = diag(gi,g 2 , • • • ,Qn) (12) 

Since the Gauss law only eliminates small gauge transformations, these diagonal ele- 
ments are only defined modulo large gauge transformations i.e. 

q a ~ q a mod(^^) (13) 
gR 

where n a are integers. Furthermore, since A Q is traceless these diagonal elements are 
subject to the constraint 

£<7a = (14) 

a 

For the constant mode of the electric field we write 

E = diag(p 1 ,p 2 , • • • ,Pn) + L (15) 
where is off-diagonal and the diagonal elements p a satisfy the constraint 

= ( 16 ) 

a 

From ( |1~0| ) we then find for the off-diagonal elements 

® 4>o)ba 



(17) 



(ft - Qb) 

We substitute this into the hamiltonian (||), and summing over the integers n a in ([13] 
we get 



1_ 2 g 2 R 2 x (i/>t ^ ^ Q ) 6a (^t g ^ a ) ab _ f 5 

2 a 8 a^> Sln i^d^Qa ~ Qb)\ a 



— ► ^LPa + oL / _ x 2 + ffLWo®ri)aa (18) 
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This hamiltonian is subject to the second class constraint fllif ), fll6f ). Notice that as a 
consequence of fll3|), in the i? — > limit the periodic variables g a become defined on 
the entire real line. 

After diagonalizing A Q , the diagonal part of the Gauss law ( p]) reduces to 

(^®V>o)«« = (19) 
In order to solve for this, we introduce the chiral components of the Dirac spinor 

*- = (£) (20) 

We then second quantize these components with the nonvanishing anticommutators 

[ut,uj + = [vt,vj + = 1 (21) 
and define the corresponding Fock states |?^j n a) with n™,n v a = ±1 by 

U a |+ a ,<) = \-a,n V a ), U a |- a ,<) = 

ul|-a,<) = \+a,n v a ), ut|+ a ,<) = (22) 

so that 

[ut,u a ] \± a ,nl) = ±\± a ,nl) (23) 

and similarly for v a and vj. We then introduce a representation of the SU(N) Lie 
algebra such that elements Hi (i = 1, N — 1) in the Cartan subalgebra become 
(Hijki = SikSu — Si+i^Si+ij. In this representation the fermion bilinear in (Jj^) can be 
represented as 



(24) 

In particular, for second quantized fermions the diagonal elements in (p4f) can be re- 
arranged in the normal ordered form 

{^l®^o)aa = \Woa^oa] (25) 

without additional c-number terms. For the physical states the condition 

^LVU (Physical) = (26) 



then reduces to 



n^ + nl = n% + n v 2 
2« + <)-«_ 1 + <_ 1 )-« +1 + < +1 ) = (a = 2,...,7V-l) 

n u N _ x + n v N _ x = n u N + n v N (27) 

The solutions to these equations fall into two different categories: In the first category 
which we call an alternating phase, there are 2^ states defined by the condition 

< + < = (28) 

for each a. In the second category which we call an ordered phase, there are only two 
states. One of them is defined by 

< = K = +1 (29) 

and the other by 

< = nl = - 1 (30) 

for all a. In the alternating phase, for each a the states in the fermionic Hilbert-space 
are either of the form |+,— ) or of the form |— ,+) , i.e. there is an equal number 
of ± configurations. In the ordered phase we have only either | + ,+) a or |— ,— ) 
(i.e. + or — ) configurations. Consequently alternating states differ from ordered 
states by a rearrangement of N fermions, and in the large-N limit the Hilbert-space 
decouples into three subspaces, one describing the 2 N dimensional alternating phase 
and the two others describing the one dimensional (in terms of the fermion degrees of 
freedom) ordered phases + and — . For this reason, in the following we shall consider 
the restrictions of the hamiltonian either to the alternating or to the ordered subspaces, 
also for finite values of N. 

In the ordered phases the dynamics is trivial: the hamiltonian (H) simply reduces 
to the free hamiltonian 

n - 1 -Y,pI (si) 



a 



In the alternating phase, the physical states are linear combinations of the form 

N 

(physical) = Yl ^...nM ® K' ~ n ^) ( 32 ) 

n a =± a=l 
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In this Hilbert-space we can further simplify the Hamiltonian fll8). For this, we intro- 
duce the following operators 

E a = U \ V a 
E a = V a U a 

C a = -{u\u a + v\v a ) (33) 

These operators act only on the a th fermionic states and satisfy the SU(2) Lie-algebra 
commutation relations 

[H a , E±] = ±6 ab E± [E+, E b ] = 25 ab H a . (34) 

and the Casimir operators C a are proportional to the unit operator, 

C a = ~-/ a (35) 

In particular, we can identify fl34|) as the fundamental representation of SU(2). For 
generators in the fundamental representation the permutation operator P ab for spins 
at sites a and b can be expressed as 

P ab = \hh + 2H a H b + E+E b + E-E+ (36) 

and if we define normal ordering in the second term of (|18D by 

: (ipt ® ipo)ba(^t ® ipo)ab ■ = (u t u + v t v) 6a (u t u + v t v) a;) (a ^ 6) (37) 

we can rewrite this second term as 

1 N 1 + - - + 
= nzl 1 ^{C b I a + C a h — 2C b C a — 2H a H b — E b E — E b E } 

2 5t(?»-ft) 2 

= \ E r^4 (38) 

2 t£ (& - ft) 



Similarly, by using the representation (|33"D we can also simplify the third term in 
the hamiltonian fll8|) into 



N-l 



^3 = g^QaM ® l^o)aa = ^9 (?« " Qa+l)(H a ~ H a+1 ) (39) 



a=l 
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Our final hamiltonian in the alternating phase is then 

1 N i N -1 _ p N-l 

H = oY.Pl + ^ E 7Z _ n % + 22 E (fe - ?a+l)(i?a - flfl) (40) 
Z a z a^fe W« W a=l 

In the g — > limit this hamiltonian reduces to the integrable long range spin interaction 
hamiltonian discussed in || 0. We have tried to show that our hamiltonian is also 
integrable by using the methods developed || [7], §j. However, due to complications 
that are caused by the linear Pauli-type term we have not yet succeeded in establishing 



whether (|40|) indeed is integrable. There are nevertheless a number of interesting, 
simple properties that we wish to record: 

The following two spin states can be viewed as ground state spin configurations of 

(10), 

|vac) + _ = ...| + -)| + -)| + -)... 

|vac)_ + = ...|-+}| -+>|-+>... (41) 

In particular, the second and third terms in ([TOD both vanish on these states. Conse- 
quently the ground state of ([40]) appears degenerate, in analogy with e.g. the degener- 
acy of the Ising model ground state in the magnetic phase. For finite N we have finite 
energy domain wall configurations which interpolate between these two vacuum states, 
for example 

-I + -)! + -)! + -)!-+)! -+>l -+>•■■ (42) 

is a domain wall configuration which interpolates from |vac) + _ to |vac)_ + . As N— > oo 
the energy of these domain walls diverges, and we obtain two disjoint Hilbert-spaces. 
To see this, we estimate the domain wall energy as follows: By translation invariance, 
it is sufficient to consider a linear chain with the spin q a at the position n a ■ A (n a = 
0, ±1, ±2, ...) with a domain wall located at the origin. The energy of the domain wall 
can then be estimated from the second term in (0), by observing that due to the spin 
permutation operator there is a contribution only from terms that connect different 
sides of the origin. By direct substitution we find that the energy of the domain wall 
diverges for iV — ► oo, 

E ~ V Y lniV^oo (43) 

The hamiltonian (|^) also admits a bosonized form. For this, we first represent the 
SU(2) generators classically: The coadjoint orbit of SU(2) coincides with the Riemann 
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sphere S 2 . With coordinates z and z and Poisson bracket 

1 



{z,z} = -(l + k| 2 ) 2 (44) 



the SU(2) generators are 



l l-UI 



0"3 



2 l + \z\ 



= Tl^ZH (45) 



i + kl 

z 



(J_ 



1 + Ul 2 

and the bosonized version of the action is obtained by simply replacing for each a the 
SU(2) generators in ( EDI ) by (pE5|), and then quantizing each canonical pair z a , z a using 
the symplectic structure ([44|). Such a bosonized realization of ( f40D could be valuable 
in the investigation of its integrability. It could also be useful more generally, in the 
investigation of bosonized two dimensional QCD. 



In conclusion, we have investigated two dimensional QCD in the infrared weak 
coupling limit (0). We have found that with Dirac fermions in the fundamental repre- 
sentation of SU(N) we obtain an integrable spin generalization of the Calogero model 
with an additional Pauli type magnetic interaction term. We do expect that our model 
is integrable, however we have not yet been able to establish this. 

We have also discussed some simple properties of our model. In particular, we have 
found some qualitative differences between the finite N and N— >• oo cases: For oo 
the ordered states P§|), (BO) decouple from the spectrum, and in addition the domain 



walls connecting the two different vacuum configurations (41) receive an infinite energy. 
In future publications we hope to report on the consequences of these effects. 



We are indebted to L. Faddeev and A. Polychronakos for very useful discussions. 
We also wish to thank N. Nekrasov and K. Palo for their helpful comments. 
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